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Abstract. Let B be the Lie algebra of Block type with basis {£ Q ,i| a,i£Z,i>0} and relations 
q . [L a ,%, Lpj] = ((a — l)(j + 1) — (j3 — l)(i + 1)) L a+ /3 t i + j. In the present paper, the derivation alge- 

bra and the automorphism group of B are explicitly described. In particular, it is shown that the 
outer derivation space is 1-dimensional and the inner automorphism group of B is trivial. 
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. , 1. Introduction 

Si 

Since a class of infinite dimensional simple Lie algebras was introduced by Block [B], 

generalizations of Lie algebras of this type (usually referred to as Lie algebras of Block 

type) have been studied by many authors (see for example, [DZ, OZ, SI, S2,SZho, WT1, 

WT2, XI, X2, Z, ZM]). Thanks to their relation to the Virasoro algebra, these algebras have 
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attracted more and more attention in the literature. See for example a survey paper [S4] 
on quasifinite representations. 



The author in [S2] studied the quasifinite representation of a family of Lie algebras of 
this type B(s, G) with basis {x a ' l \ a G G, i G Z, i > 0} over an algebraically closed field F 
of characteristic zero and relations 

[x*\ x^\ = s((3 - a)x a+ ^ i+] + ((a - 1 + s)j -((3-1 + s)i)x a+ ^ l+j ~\ (1.1) 

where G is a nonzero additive subgroup of F and s = 0,1. 

In [S2], it is pointed out that in case s = 0, the Lie algebra 13(0, G) with 2 G G has a 
nontrivial central extension induced by the following 2-cocycle 

0(s<M x ^) = ( a - l)<W/3,2^ Aoc, (1.2) 

where c is a central element. By taking L a ti = x a,l+1 in 13(0, G), we see that the Lie brackets 
in (1.1) take the following form 

[L a>i ,Lp d ] = ((a-l)(j + l)-(l3-l)(i+l))L a+l3ii+j for a,/3 G G, i,j > -1. (1.3) 
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In this paper, we focus on the Lie subalgebra B of £>(0, Z), with basis {L a ^\ a G Z, i > 0} 
and the above relations. The motivation to study this special Block type Lie algebra is 

mainly based on a fact that the central extension, denoted B, of B, which is completely 
different from B(0, Z) (see (1.2)), is given by 



[L a:i: Lpj] = ((a - l)(j + 1) - (f3 - \){i + 1)) L a+ p ti+j + <W/3,o<5i,o^-,o 



a 3 — a 
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for a, (3 G Z, i,j > 0, and which contains a subalgebra with basis {L aj0 ,c\a G Z} iso- 
morphic to the well-known Virasoro algebra, whereas no central extensions of B(0, Z) can 
contain such a subalgebra. Because of this, one may expect that the representation theory 
of B will be richer and more interesting than that of B(0, Z) or its central extension. 

We realize that the Lie algebra B is in fact isomorphic to the Lie algebra defined in 
[WT1, WT2] (by regarding L a _^ defined here as — L Qji defined there). Thus central exten- 
sions, modules of the intermediate series and quasifinite irreducible highest weight modules 
of B have been considered in [WT1, WT2]. However, the problem of classification of quasifi- 
nite irreducible ^-modules (which is definitely an important problem in the representation 
theory) remains open. It is well understood that the representation theory of a Lie algebra 
often depends on its structure theory. The aim of the present paper is to further study 
the structure theory of B in order to obtain sufficient information to give a classification 
of quasifinite irreducible £>-modules in the future. In this paper, we first characterize the 
structure of the derivation algebra of B and prove that the outer derivation space or the 
first cohomology group of B with coefficients in its adjoint module is 1-dimensional (see 
Theorem 2.1). Then we determine the automorphism group of B and show that B has no 
nontrivial inner automorphisms (see Theorem 3.6). Finally, we would like to point out that 
although B is Z-graded with respect to eigenvalues of &d.L 00 , it is not finitely-generated 
Z-graded, some classical methods (e.g., that in [F]) cannot be applied in our case here. 

2. Derivations of B 

Recall that a derivation d of the Lie algebra B is a linear transformation on B such that 

d([x,y}) = [d(x),y} + [x,d(y)} for x,y G B. 

Denote by Der B the space of the derivations of B and &dB the space of the inner derivations 
of B. It is well known that Deri? forms a Lie algebra with respect to the commutators of 
linear transformation of B and ad£> is an ideal of DerB. Elements in Deri3\adi3 are called 
outer derivations. The outer derivation space of B or the first cohomology group of B with 
coefficients in its adjoint module is defined by 

H\B) = DerB/adB. 



Note that B = @ a &Ba is a Z-graded Lie algebra with B a = spa.n{L ati \i G Z + }. For 
a G Z, i G Z + , we give the following notations 

fiW = span{L QJ | j < i}, fiW = S pan{L Qj | j < z'}, 
(Der£) Q = {d G Der£| d^) C B a+fS for /3 > 0}. 

In particular, DerB = © a6 z(Der£>) Q is Z-graded. Obviously, we have a homogeneous 
derivation of B defined by 

d : Lpj ^ pL P)j for (3 G Z, j G Z+, (2.1) 

which can be easily verified to be an outer derivation. 

Theorem 2.1 The Z-graded derivation algebra DerB = © ae z(Deri3) a has the following 
decomposition: 

Der£> = &dB © D, where D = span{<io}- 

In particular, the first cohomology group of B is 1- dimensional, namely, dimif 1 (i3) = 1. 

Proof. Let d G DerS. The proof of the theorem is equivalent to proving that d is spanned 
by ad u G ad£> for some u G B and d G D. This will be done by the following two lemmas 
(Lemma 2.2 and 2.3). □ 

For a fixed integer a G Z, consider a nonzero derivation d G (Der£>) a such that 

d{B [j] ) C £ [i+j] for any j G Z+, (2.2) 

where i G Z is a fixed integer. Using the similar technique as in [SZho], we assume that 
the integer i is the minimal one satisfying (2.2). Then we can write 

d(L{)J) = e0jL a+/M+i (mod £ (l+j) ), (2.3) 

where e^j G F and we adopt the convention that if a notation is not defined but technically 
appears in an expression, we always treat it as zero; for example, e^o = if % < in (2.2). 

Applying d to [Lp tj , L 7)fc ] = ((/3 - 1) (k + 1) - (7 - 1)0 + 1)) Lp +7 j +k , we have 
((a + /3 - 1)(A; + 1) - (7 - l)(i + j + l))e Aj 

+ ((/3 - \){i + fc + 1) - (a + 7 - l)(j + 1)K* (2.4) 

= (08 - l)(Ar + 1) - (7 - 1)0 + l))e/J4^+*- 



Claim 1. We can assume that % E Z + in (2.2). 

Otherwise, if % < 0, then ei = as stated above. Taking 7 = 1, k — in (2.4), we have 

(a + /3 - l)e/9j = (/? - l)e^ + ij, 

which implies that e^j does not depend on j for any f3. Letting j = in (2.3), we obtain 
that i > by the assumption on the minimality of i, a contradiction. 

Lemma 2.2 If a + i 7^ or a + i = with i 7^ 0, t/ien d m (2.2) zs an inner derivation. 

Proof. For the case a + i^O, taking 7 = k = in (2.4), we have 

(a + i)e M = ((a - l)(j + 1) - (/3 - l)(z + l))e 0)0 . (2.5) 

Set Mi = (a + i)~ 1 eo,o-^a,j G # and let d! = d — ad Ul . From (1.3) and (2.5) we see that 
d'(L/3j) E B^ l+ ^ for (3 E Z, j G Z + . Now by induction on i, one can derive that d! is an 
inner derivation, and then d = d' 4- ad ui is also an inner derivation. 

For the other case a + % = with z 7^ 0, we see immediately that eo,o = by (2.5). 
Applying d to [L/j-ij, £1,0] = 0#-2)L/?j and [Z^j, L_i, ] = (/3 + 2j + 1)L /3 _l )j j respectively, 
we obtain 

((3 - 1 - 2)e j9 _ 1J + (((3 - 2)(i + 1) + z(j + l))e 1)0 = (/? - 2)e^, (2.6) 

(/3 + i + 2j + l) e/3j + ((/3 - l)(i + 1) + (i + 2)(j + l))e_ li0 = (13 + 2j + l) e/3 _ lir (2.7) 

In particular, taking j3 = j = in (2.6), we see that 

e_i, + ei, = 0. (2.8) 

Multiplying (2.6) by (3 + 2j + 1, (2.7) by (3 — i — 2, and then adding both results together, 
we obtain i(i + 2j + 3)(egj — (/3 + j)ei : o) = by (2.8), which implies for z 7^ that 

e W = (P + j)ei, for /3 G Z, j G Z + . (2.9) 

Set u 2 = —^eifiL_ii E B and let d" = d — ad U2 . By (1.3) and (2.9), we obtain that 

d"(Lpj) E B( t+ fi for (3 E Z, j E Z + . As in the first case, by induction on i, we see that d" 
is an inner derivation, thus d is also an inner derivation. □ 

Lemma 2.3 If a = i = 0, then d in (2.2) can be written as d = ad u + Xd for some u E B 
and A G F. 



Proof. Now the equations (2.6) and (2.7) can be simplified as 

O9-2)(e0_ij + ei,o-e0j) = 0, (2.6') 

(/3 + 2j + l)(e /3 „ lj -e„ 1 ,o-e /3j ) = 0. (2.7') 

We claim that 

e/»j = /3ei, + eoj for /3 G Z, j G Z+. (2.10) 

In fact, if j3 7^ 2, then egj = e^o + e^-ij by (2.6'). By induction on /3, one can easily obtain 
that 

/5ei, + e ,j if /3 < 1, 

(2.11) 
09 - 2)ei, + e 2j if /3 > 3. 

If /3 = 2, then e2,j = e±j — e_i : o = eij + e^o = 261,0 + &o,j by (2.7'), (2.8) and the first case 
of (2.11) respectively. This, together with (2.11), gives the claim. 

On the other hand, the equation (2.4) can be rewritten as {{(3 — l)(k + 1) — (7 — l)(j + 
l))( e /3J + e i,k ~ e /3+-y,j+k) = 0. Substituting (2.10) in this formula gives 

{{f3 - \){k + 1) - (7 - l)(j + l))(eoj + eo,fc - e , i+fc ) = 0. 

Then eoj+k = &o,j + eo,fc by arbitrariness of (3 or 7. By induction on j, one can derive that 
e o,j = J e o,i> which, together with (2.10), gives 

e^ = j9ei, + ieo,i for /3 G Z,j G Z+. (2.12) 

Set 

d = d + ad U3 - (ei )0 - e ,i)d , 

where M3 = eo,i£o,o £ ^ an d ^0 is defined by (2.1). Applying d to the formula [Lo,o, £/?j] = 
-(J3+j)Lp d , using (2.12), we obtain that d{Lp d ) G S (j) for (3 G Z, j G Z+. By Lemma 2.2, 
0? is an inner derivation, and then d = ad u + (e^o — eo,i)°fa f° r some u G B. This completes 
the proof. □ 

3. Automorphisms of B 

An element S G B is called 

(i) ad-locally finite if for any given v E B, the subspace Spanjad™ • v\ m G Z + } of £> is 
finite dimensional, 

(ii) ad-locally nilpotent if for any given vEB, there exists some A > such that ad 5 -v = 0. 



Denote by Aut B the automorphism group of B, and Int B the inner automorphism group 
of B, namely, the subgroup of Aut£>, generated by exp ada: for ad- locally nilpotent elements 
x's. 

In this section, we first prove that B does not have a nonzero locally nilpotent element, 
thus the inner automorphism group of B is trivial. Next we construct three kinds of outer 
automorphisms of B, and then completely characterize the structure of the automorphism 
group of the Lie algebra B. 

Lemma 3.1 Up to scalars, L 00 is the unique locally finite element of B. Furthermore, B 
does not have a nonzero locally nilpotent element, thus the inner automorphism group of B 
is trivial. 

Proof. Take any locally finite element S = ^2(ai)ei ^ot,iL a ,i of B, where Is is a finite 
subset of Z x Z+. First, suppose that there exists \ a ,i 7^ for some a < 0. Take the 
minimal a^ < such that there exists some i with \ ao ,i ^ 0, and then choose i = io to be 
the maximal one satisfying this condition. By rescaling S, we may suppose 



•J -Ljao,io i / "a,il J c 



q>qq or 
a — ojQ,i<ZQ 



and in this case we say that S has the minimal term L ao<io . Recall that [L ao ^ , Lp^] 
7° T 



FiL ao+l 3 t i 0+ j, where we use the following notation 



F|:=(a -l)0' + l)-(/?-l)(«o + l). 

If «o + ^o ^ ( or > 0), we can choose big (or small) enough /3 and suitable jo such that 
Ff o < ( or > 0) and 

*£££ = Hi ~ M«o + io) < (or > 0) for all k G Z + , 

which implies that ad s (L / 3 0j0 ), with minimal terms Lp 0+ k ao ,j +ki , are linear independent 
for all k, i.e., S is not ad-locally finite. Hence \ a ^ = for all a < 0. Similarly, we can also 
show that X a ,i = for all a > 0. 

Now we can rewrite S = X^ei' -Vj-^o,^ where F s is a finite subset of Z + . If there exists 
Ao,j 7^ for some i > 0, then similarly take io > to be the maximal one and assume that 

S = Lo,i + / j Ao,i-^0,i- 

i<i 
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Now [Lo,io,Lp t j\ = G^Lp jio+j , where G^ = —(j + 1) - (f3 — l)(i + 1). One can take big 
enough (3 and some j satisfying 

G& +ki ° = G& ~kt <0 for k G Z+, 

which also contradicts our assumption. So Ao,j = for all i > 0, and thus S = A 0i oA),o f° r 
some Ao,o G F, namely, Lo,o is up to scalars the unique locally finite element of B. 

Note that any locally nilpotent element must be locally finite element by definition. 
Since ad L L a> i = —N(a + %)L ai ^ for any N > if a + i ^ 0, we know that the locally 
finite element L 00 is not locally nilpotent. Hence the above statement implies that B does 
not have a nonzero locally nilpotent element, and then the inner automorphism group of 
B is trivial. □ 

Recall that the centerless Virasoro algebra Vir with basis {L a \ a 6 Z} is defined by the 
commutation relations: [L a , Lp] = (/3 — a)L a+ p for a, G Z. We review a known result 
about the structure of the automorphism group of Virasoro algebra. It can also be regarded 
as a corollary of Theorem 2.3 in [SZha]. 

Proposition 3.2 (1) For any \i G F*, the following map is an automorphism of Vir. 

Xfj, '■ Vir — > Vir, L a (->■ ji a L a for any a G Z. 

(2) For any s G {±1} — Z/2Z, the following map is an automorphism of Vir. 

x' s '■ Vir —)• Vir, L a h-» sL sq , /or any a G Z. 

(3) Aut(Vir) = F* x Z/2Z. 

Motivated by the above, one can define the following three kinds of maps: 

(ff, : B -> B L a j h-» jJL a L a ,i] 

(f/ v : B^B L a ^ ^ i/*L a)i ; 

p^ : B —^ B L at i !->■ (,L^ a+i )_i ti , 

where /i, z/ G F* = F\{0} and £ G {±1}- One can easily check that they are all (outer) 
automorphisms of B. Furthermore, we have the following facts. 

(1) {(/9 M | pi G F*} = F* is a subgroup of Aut£>, where WVV2 = ¥Wa f° r Mi> A*2 G F*. 

(2) {</J 1/ G F*} = F* is a subgroup of AutB, where <^ = <„ 2 for ^1, */ 2 G F*. 

(3) { Pi \ £ = -1, 1} *£ Z/2Z is a subgroup of AutB. 
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Proposition 3.3 Let V = SpanjL^, |a 6 Z} be a subalgebra of B, which is isomorphic to 
the centerless Virasoro algebra, i.e., [L' a ,L'p] = (a — (3)L' a+/3 . Suppose L' G FL ,o- Then 
L' a G FL Q;0 for alia eZ. 

Proof. By rescaling L' , we can suppose L' = L 0>0 . Let ^ a G Z. Write L' a = 
J2(p j)ej a PPtjLpj, where J a is a finite subset of Z x Z + . Then 

-a 2^ VpjTpj — -aL' a — [L' , L' a ] — L ,o> 2_^ ^Pd^PJ = - } j (fi + j)fJ>p,jLp t j, 
{P,j)eJ a (P,j)€J a i/3,j)eJ a 

which implies that fipj = if (3 + j ^ a. Hence we can rewrite 

L 'a=^2 ^i L ^-hv where X aJ = fi a - j:j , J' a = {j \ (a - j,j) G J a } C Z+. 



Then 



[L a ,L_ a \— I / j AgjLq-ij, y j A-qjL-q,-^ 



2«L ,o 

i^JL jeJ'_, 

= ^ {i+ 3 + '2)a\ a ^\- a jL-(i +j )^ +j . (3.1) 

Let i = max{z | i G J' a , A Q)i 7^ 0}, j = max{j | j G J'_ a , X- a ,j ^ 0}. If i + j > 0, then 
the right-hand side of (3.1) contains the nonzero term (i + j + 2)aA Qi j A_ ajo L_(j 0+J - ) i j 0+ j , 
which is not in FL 00 . Thus i = j = (since z'o,Jo are non-negative), in particular 
L' Q G FL Qi0 . D 

Lemma 3.4 Let r G Auti3, t/ien r(L Q , ) o) = C,fi a L^ a) o for some \x G F*, and £ G {±1}. 

Proof. Suppose r G AutS. Let L' a = r(L Qi0 ) for a G Z. Since A/" = Span{L ai0 | « G Z} 
is the centerless Virasoro algebra, we see that V = Span{L' Q | a G Z} is a subalgebra 
isomorphic the centerless Virasoro algebra. Furthermore, since Lo,o is up to scalars the 
unique ad-locally finite element in B, we must have L' = r(L fi) G FL 00 . So Proposition 
3.3 implies t(JV) = V = J\f. Now the result follows from Proposition 3.2. □ 

Lemma 3.5 Let r G AutB, then r(Lo,i) = £i/Z/(£_ivj for some v G F*, and £ G {±1}. 



Proof. Assume 

T(L 0>i ) = ^ U P,q L P,q f ° r SOme U p,q £ F > ( 3 -2) 

where Jj is some finite subset of Z x Z + . Applying r to the equation [Lo,o>Aj,i] = — zXo,j, 
we get 

J^ (i - f (p + q))v p>q L m = 0, 

(p,9)6Ji 

which implies that v pq = if p ^ £i — q. Then (3.2) can be rewritten as 

r(L 0:i ) = ^ \q L &-q,q, where \q = V t,i~q^ J 'i = U \ (& ~ Q, 0) ^ J i} ■ ( 3 - 3 ) 

Applying r to [£~i,o, [-^1,0, £o,i]] = — 2(z + l)£o,i, using Lemma 3.4, we obtain 
5^(? - i + l)(g + z + 2)\ i>q L^ m = 2(z + 1) X] A *,<? L «i-<?,^ 

which then implies that (g — z)(g + z + 3)A ii9 = 0, and thus X itq = if q 7^ z. Thus we can 
rewrite (3.3) as 

r(L ,i) = £^L( 5 _i) M for some z/j ^ 0. 

Finally, applying r to the relation [Lo,j,-Lo,i] — (z — l)-^o,i+i, we obtain Vi+\ = z/jZ/i, which 
implies Ui = u l , where v — v±, and the lemma follows. D 

Theorem 3.6 Let t G Auti3, then there exist some fx, v G ¥*, £ G {±1} such that 

r(L ati ) = ^^ a v l L i{a+ ^^i for a,i G Z, i G Z+. 
In particular, AutB ^ (F* x F*) x Z/2Z. 

Proof. Let r G Aut£>, by Lemma 3.4 and 3.5, we have T(L a>0 ) = E,ji a L^ a Q and t(L q ^) = 
£^ J L(g_i)j : j for some (A, v G F* and £ G {±1}. Applying r to the equation [L a p, Lo,»] — 
(a(z + 1) - z')I/ Q) i gives 

(a(i + 1) - z) (r(L Qji ) - £// a i/ J L^( Q , +i )_ iji ) = 0. 

Thus the result holds if a(z + 1) 7^ z. Assume a(z + 1) = i, which implies a = i = since 
% G Z + . In this case, we have the result by Lemma 3.4. □ 

References 

[B] R. Block, On torsion-free abelian groups and Lie algebras, Proc. Amer. Math. Soc. 
9 (1958) 613-620. 

9 



[DZ] D. Dokovic, K. Zhao, Derivations, isomorphisms and second cohomology of generalized 
Block algebras, Algebra Colloq. 3 (1996) 245-272. 
[F] R. Farnsteiner, Derivations and central extensions of finitely generated graded Lie 
algebras, J. Algebra 118 (1988) 33-45. 
[OZ] J.M. Osborn, K. Zhao, Infinite-dimensional Lie algebras of generalized Block type, 

Proc. Amer. Math. Soc. 127 (1999) 1641-1650. 
[SI] Y. Su, Quasifinite representations of a Lie algebra of Block type, J. Algebra 276 

(2004) 117-128. 
[S2] Y. Su, Quasifinite representations of a family of Lie algebras of Block type, J. Pure 

Appl. Algebra 192 (2004) 293-305. 
[S3] Y. Su, 2-Cocycles on the Lie algebras of generalized differential operators, Coram. 

Algebra 30 (2002) 763-782. 
[S4] Y. Su, Quasifinite representations of some Lie algebras related to the Virasoro algebra, 
in: Advanced Lectures in Math., vol. 8, 2009, pp. 213-238. 
[SZha] Y. Su, K. Zhao, Generalized Virasoro and super- Virasoro algebras and modules of the 

intermediate series, J. Algebra 252 (2002) 1-19. 
[SZho] Y. Su, J. Zhou, Structure of the Lie algebras related to those of Block, Coram. Algebra 

30 (2002) 3205-3226. 
[WT1] Q. Wang, S. Tan, Quasifinite modules of a Lie algebra related to Block type, J. Pure 

Appl. Algebra 211 (2007) 596-608. 
[WT2] Q. Wang, S. Tan, Leibniz central extension on a Block Lie algebra, Algebra Colloq. 

14 (2007) 713-720. 
[XI] X. Xu, Generalizations of Block algebras, Manuscripta Math. 100 (1999) 489-518. 
[X2] X. Xu, Quadratic conformal super algebras, J. Algebra 224 (2000) 1-38. 
[Z] K. Zhao, A class of infinite dimensional simple Lie algebras, J. London Math. Soc. 

(2) 62 (2000) 71-84. 
[ZM] L. Zhu, D. Meng, Structure of degenerate Block algebras, Algebra Colloq. 10 (2003) 

53-62. 



10 



